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ABSTRACT. We give an equivalent definition of the stable Calabi— Yau dimension 
in terms of bimodule syzygies and so-called stably inner automorphisms. Using 
it, we complete the computation of the stable Calabi- Yau dimensions of the self- 
injective algebras of finite representation type which was started by K. Erdmann, 
A. Skowrohski, J. Bialkowski and A. Dugas. 



Introduction. 

Let fc be a field and T be a /c-linear honi-finite triangulated category with the 
shift functor E. The category T is called a weakly n-Calabi-Yau category if 
there is a natural isomorphism 

Homr(y,S"a;) = 7:»Homr(a;,?/), (0.1) 

where D = Homfc(-, k). The weak Calabi- Yau dimension of T is the least num- 
ber n > such that T is a weakly n-Calabi-Yau category. This notion was 
introduced by M. Kontsevich [T^. It allows to interpret the Calabi- Yau prop- 
erty of avarietyX in terms of the derived category 2?''(coh(X)). In [15] B. Keller 
introduced a modified definition of an n-Calabi-Yau category where the isomor- 
phism (jO.ip is compatible in a tricky way with the structure of a triangulated 
category. We call such a category strong n-Calabi-Yau category. In this article 
we deal only with weakly n-Calabi-Yau categories. 

In [TD| K. Erdmann and A. Skowrohski introduced the notion of stable 
Calabi- Yau dimension of a self-injective algebra. It is just the (weak) Calabi- 
Yau dimension of the stable module category mod- A. 

In |lj H. Asashiba classified all self-injective algebras of finite representation 
type over algebraically closed field modulo derived equivalence. He proved that 
standard self-injective algebras of finite representation type are determined up 
to derived equivalence by their type (T, /, t), where T is the tree class, / is the 
frequency and t is the torsion order. Moreover, it was proved that nonstandard 
algebras of finite representation type occur only over a field of characteristic 2, 
and in this case there is only one series of such algebras up to derived equivalence. 
The following types occur in the case of standard self-injective algebra: 
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1. (A„,^,l),n>l, r>l; 

2. (A2„+i,r,2), n> 1, r> 1; 

3. (i?„,r,l), n>4, r>l; 

4. (i?3„,i,l),^>2, r>l; 

5. (D„,r,2), n>4, r>l; 

6. (i?4,r,3),r>l; 

7. (£;„,r,l), 6<n<8, r> 1; 

8. {Ee,r,2),r>l; 

Only the following types occur in the case of nonstandard algebras: 

9. iD3,„l,l),n>2. 

The stable Calabi~Yau dimension was computed by K. Erdmann, 
A. Skowronski, J. Bialkowski and A. Dugas in [4], [10], [7] for all standard 
algebras except the algebras from the case 2 for even n and the case 5 for even 
r. All these results are collected in [7]. 

The goal of this article is to reformulate the notion of stable Calabi-Yau 
dimension in terms of bimodule syzygies f2^t^(A), to complete the calculations 
for the remaining cases of standard algebras, and to compute the stable Calabi- 
Yau dimension of nonstandard algebras. 

The structure of the paper is the following. In the beginning of the first sec- 
tion we give a definition of stably inner automorphism of a self-injective algebra 
A. Roughly speaking, an automorphism is stably inner if it acts trivially on the 
stable module category. The set of such automorphisms is denoted by Inn (A). 
It is a normal subgroup of the automorphism group of A and it contains all in- 
ner automorphisms Inn(yl) < Inn (A) < Aut(A). Further, we prove the following 
theorem. 

Theorem II .81 Let A be a self-injective algebra without semisimple blocks. Then 
the following conditions are equivalent. 

1. mod - A is a weakly n- Calabi-Yau category. 

2. fl^t^A) = (yl^)y for some if e Inn(A). 

3. n-^.-UA) = D(A),p for some ip e Inn(A). 

The second section is devoted to study of stably inner automorphisms. In par- 
ticular, we prove the following property. 

Corollary 12.101 Let A be a self-injective algebra without semisimple blocks, 
let I be a two-sided ideal of A and tp e Imi (A). Then ip{I) = I, and ip induces 
an inner automorphism of the quotient algebra A/{{0 : 1) + /). 
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Here we denote by (0 : /) the left annihilator of the ideal /. The third section is 
devoted to the calculation of the stable Calabi-Yau dimension for the remaining 
cases of self-injective algebras of finite representation type: standard algebras of 
types (A2ri+i,r, 2) for even n, (D„,r, 2) for even r and nonstandart algebras of 
type (Dsn, |) !)• The results of all the calculations are collected in Table 1. In 
this table we denote the greatest common divisor of numbers a and b by (a, b) 
and by p the characteristic of the ground field k. 



Table 1: 
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Coiiditioiis 


sULl)k? Cala.l)i-Ya.u cliinciLsioii 




(^,0*1 


00 


A g 1 /1 1 Do E-7 Eq\ 
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\ 2 ' ' 


/ wViPrp <^ / <r r* 

t ^ W llCi C V7 X t 2; ' 




v c\r Ti — 


andrIC/ I'l^'^+^ + l 




(^,r) = l, 


1 + 2/, where < Z < r 




9 4-7" anH r) :t 9 

^ \ 1 Clll'_l fJ 


fmH T /f Til A -1- 1 1 -1- 1 

OjIIvJ. / t/\flvi\ ~ J. J ~ J. 




(mA + l,r) * 1 


00 


Ai{A^,D2n,Er,Es} 


(mA + l,r) = 1 


1 + 21, where < Z < r 
and r | Z(mA + 1) + 1 


{A2n+i,r,2), n> 1 


(r + n+ 1, 2r) + 1 


00 




(r + n+l,2r) = 1 


Z(2n+1)-1, where 0<Z<2r 
and 2r \ l{r + n + 1) - 1 


(i?„,r,2), 2 + r 


(n- l,r) * 1 


00 




(n-l,r) = 1 


21, where 0<Z<r(2n-3) 
and r(2n-3) | Z(2n-2)-(n-2) 


(D„,r,2), 2|r 


(n - l,r) * 1 
or p ^ 2 


00 




(n - 1, r) = 1 


l{2n - 3) - 1, where < Z < 2r 




and p=2 


and 2r| Z(n-1)-1 


(D4,r,3) 




00 


nonstandard 




An -3 


{E6,r,2) 


(6,r) * 1 


00 




(6,r) = l 


2Z, where < Z < llr 
and llr 1 12Z-5 
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1 Stable Calabi-Yau dimension and stably inner 
automorphisms. 

We fix a ground field k. Tliroughout this paper, all algebras will be unital, asso- 
ciative, finite-dimensional self-injective fc-algebras, and all modules and bimod- 
ules will be finitely generated. Unless otherwise stated, modules are assumed 
to be right modules. For an algebra A we denote by mod-A the category of 
finitely generated right A-modules, by A-mod the category of finitely generated 
left A-modules, and by bimod-A the category of finitely generated A-bimodules. 

1.1 Stably inner automorphisms. 

For an algebra homomorphism ip : A ^ B we denote by reSj^ : mod-B mod- A 
the restriction functor, i.e. a functor AI i-^ AI^ replacing the structure of B- 
module by the structure of A-module by the formula m* a = inrnp{a). It is clear 
that reSip = - B^. 

Let us remind that an automorphism (p of an algebra A is called inner if 
there exists a e A such that (p{x) = a^^xa for any x e A. A group of all inner 
automorphisms of A is denoted by Inn(A). It is a normal subgroup of the group 
Aut(A) of all automorphisms. The following proposition is proved in Part I, 
Chapter II, proposition 5.3] 

Proposition 1.1. Let ip be an automorphism of an algebra A. The automor- 
phism if is inner if and only if ves^ = Id. 

Let A be a self-injective algebra and let M, N be A-modules. We denote by 
'P{M,N) the subset of Hom^(M, A^) consisting of all homomorphisms passing 
through a projective module M ->■ P ->■ N. The sets 'P{M,N) form an ideal of 
the category mod-A. The stable module category mod- A is a quotient category 
of mod-A/T'. It is a triangulated category with a shift functor given by Heller's 
cosyzygy functor QT^ . The set of morphisms from a module M to a module A'' 
in the category mod - A is denoted by Hom ^fM, N^. It is clear that if we fix 
an epimorphism from a projective module a : P ^ N, a homomorphism lies in 
V{M, N) if and only if it can be presented in the form M ^ P N. 

For a morphism / in the category mod-A, we denote by / the corresponding 
morphism in the category mod-A. It is well-known that for modules M and N 
without projective summands a homomorphism / : M ->• A'^ is an isomorphism 
if and only ii f : M ^ N is an isomorphism in the category mod-A. 

Let F •■ mod-A mod-i? be a functor sending projectives to projectives. 
Then it induces a functor between stable categories which we denote by F_ : 
mod-A niod-_B. 

Definition 1.2. An automorphism of a self-injective algebra A is called stably 
inner if res .„ = Idmod-A- 

We denote by Inn(A) a set of all stably inner automorphisms of an algebra 
A. It is clear that Inn(A) is a normal subgroup of Aut(A). 
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We stated the definition using right modules, but it is not essential because 
the following diagram is commutative 



D 



mod-A 



A- mod 



D 



mod-A 



A- mod 



where D = Homfe ( - , fc) . 



1.2 Nakayama functor. 

For an algebra A, we consider a functor 



(-) 



Homyi(-, A) : mod-A A- mod. 



Recall that the functor 



D{{-y) : mod-A ^ mod-A 



is called Nakayama functor. It is an autoequivalence if and only if the algebra 
A is self-injective, and it is isomorphic to the identity functor if and only if A 
is a symmetric algebra. 

Now we construct a contravariant endofunctor (-)^ on the category of A- 
bimodules. One can consider an A-bimodule as a right module over the en- 
veloping algebra A*^ = A°P(S>A, and as a left module over A'^. Therefore, we have 
isomorphisms of the categories bimod-A = mod-A*^ and bimod-A = A'^-mod. If 
we compose these isomorphisms with the functor (-)* : mod-A*^ A'^-mod, we 
obtain the functor 



In other worlds, the space A<S> A is equipped by two commuting A-bimodule 
structures, the outer structure: 



When we consider A-bimodule homomorphisms / : M ^ A ® A, we mean the 
outer bimodule structure on A® A, but when we endow the space IIomyic(Af, A® 
A) by an bimodule structure we use the inner bimodule structure on A iS) A. 

The first of the following isomorphisms is well-known and the second was 
proved in |13) . 



= RoiRA" (-, A <g> A) : bimod-A bimod-A. 



a ■ (xi <S> X2) ■ b = (xi (Si X2){a <S>b) = axi (S 



and the inner structure: 



a * (xi (g) X2) * = (6 ® a){xi (S) X2) = xib iS> ax2- 
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Proposition 1.3. The following natural isomorphisms hold 

An isomorphism of functors - ®a M = - (g)^ N includes an isomorphism of 
bimodules M = N. Hence, we obtain 

Corollary 1.4. The following isomorphisms of bimodules hold. 

A"" ®A D{A) = A, D{A) ®A A" = A. 

An algebra A is called a Frobenius algebra if there exists a linear map 
e.A^k such that the bilinear form (a, 6) i-^ e{ab) is nondegenerate. In this 
case e is called a Frobenius form. Any Frobenius algebra is self-injective. 
The Nakayama automorphism of a Frobenius algebra A is an automorphism 
i> : A->- A, defined by the equality e{a-b) = e{b-i>{a)), for any a,be A. It is easy 
to check that D{A) = Aj^, and, consequently, = resp. Using the last corollary, 
we get an isomorphism = Aj^-i . Hence, we obtain 

Corollary 1.5. Let A be a Frobenius algebra, and let i) be its Nakayama auto- 
morphism. Then the following isomorphisms of bimodules hold 

D{A) = A^, A'' = A^-i. 



1.3 Stable Calabi-Yau dimension. 

Following K. Erdmann and A. Skowronski [TD], we define the stable Calabi- 
Yau dimension of A to be the weak Calabi-Yau dimension of the stable module 
category mod-^. They proved that the functor ^Iv is a Serre functor of the 
category moA- A. Therefore, the category mod-^ is a weakly n-Calabi-Yau cat- 
egory if and only if there is an isomorphism of functors 51"^^ = uT^ . Thus, the 
stable Calabi-Yau dimension of an algebra A is the least number n > such that 

Remark 1.6. The category mod- A is a weakly n-Calabi-Yau category if and 
only if the category A-mod is a weakly n-Calabi-Yau category. It follows from 
the commutativity of the following diagrams. 



mod- A ■ 



or 
mod-^ ■ 



D 



D 



A-Taod 



mod- A ■ 



■ A- mod 



mod-A ■ 



D 



D 



■ A-m.od 



j4-mod 



Let be a bimodule which is left ^-projective and right i3-projective. 

Then the functor - ®a M : mod-A mod-S is an exact functor and maps 
projectives to projectives. Thus, it induces a functor between stable categories, 
we denote it by - 0^ AI ■ mod - A mod-B. For example, we have the following 
isomorphisms 



res,. 



17™ (A), 
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For an A-bimodule M we denote by Ma this bimodule considered as a right 
module, and by aM this bimodule considered as a left module. 

Lemma 1.7. Let A be an algebra with the radical J and M be a right-left 
projective A-bimodule. Then the following conditions are equivalent. 

1. {M/JM)a={A/J)a and a{M/MJ) = a{A/J). 

2. a{M/JM)^ a(A/J) and(M/MJ)A = (A/J)A- 

3. Ma = Aa and aM = aA. 

4- M = A^ (as bimodules) for some e Aut(^). 

Proof (1)^(2) Since {M/JM)a = {A/J)a, wc obtain that the right module 
{M/JM)a is semisimple. Hence, rad(M^) £ JM. In other words, we have 
MJ c JM. Similarly, we have JM £ MJ. Thus, we obtain JM = MJ. It follows 

that (2) holds. 

(2) =>(3) Since Ma and Aa are projective modules with isomorphic tops, 
we obtain Ma = Aa- Similarly, we get aM = a A. 

(3) ^(4) Let us denote an isomorphism of the left modules by r : aA aM. 
Consider the bimodule A such that a{A) = a A and the right module structure 
is given by a; * a = T~^{T{x)a). Then r : ^ M is a bimodule isomorphism. 

We put ip{a) := 1 * a. Then (p: A^ Ais a, linear map, <^(1) = 1, and 

ip(ab) = 1 * (ab) = (1 * a) *b = (p(a) *b = 

= (<p(a) -1) *b = <f{a) -(1*6) = ip{a)ip{b). 

Hence, is an endomorphism of the algebra A. Since Aa = Ma = Aa, we 
obtain Ker(</?) = Ann{AA) = Ann(A^) = 0. Consequently, (p e Aut(A). From 
the equality x*a = {x -1) * a = x ■ {1 * a) = x(p{a), it follows that A = A^. Hence, 
we have M A^. 

(4) =>(3) The hnear map ip ■ A a {A^)a is a right module isomorphism. 
Thus, {A^)a = Aa and a(^v') = aA. 

(3)=>(1) The proof is obvious. □ 

An algebra A is said to be an algebra without semisimple blocks if A can 
not be presented in a form A = Ai x A2, where Ai is a semisimple algebra. 
This condition is equivalent to the following condition: any simple ^-module is 
non-projective or non-injective. For a self-injective algebra this is equivalent to 
the requirement that any semisimple module is not projective. In particular, 
it follows that two semisimple modules are isomorphic if and only if they are 
isomorphic in the stable module category. 
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Theorem 1.8. Let A be a self-injective algebra without semisimple blocks. Then 
the following conditions are equivalent. 

1. mod -^ is a weakly n-Calabi-Yau category. 

2. flX-H^) = V some if e Inn(A). 

3. n-Jl-\A) = D{A)^ for some ipeliin(A). 

Proof. The implications (2)=>(1) and (3)=>(1) follow from the isomorphisms 

u. Let us prove (1)^(2)a(3). 

Let mod -^ be a weakly n-Calabi-Yau category. Consider a minimal complete 
projective resolution P of the bimodule A. 




By definition, we have r2™e(^) = Ker((i^) for any m e Z. All P^ are pro- 
jective bimodules, so ^(Pm) are projective left modules. The bimodule aA 
is a projective left module too. Hence, we have that the complex ^iP is a 
contractible complex of left modules. Therefore, for any A-module M the 
complex M 0^ P is a complete projective resolution of the module M and 
M ®A = Ker(d*^®^^). The minimality of the complete resolution P is 

equivalent to the inclusion Im((i^) £ rad(Pm-i) for all m e Z. Consider an arbi- 
trary right semisimple module 5*. Then rad(S' (8 a Pm) = S <^a rad(Pm) for any 
integer m, and, consequently, Im(l5 (g)A d^) £ rad(S' ®a Pm-i). Thus, the com- 
plex S ^A P is a minimal complete projective resolution of S. Hence, modules 
Ker(d^®'*^) = S ^a ^A'i^) have no projective summands. The modules v{S) 
and v~^(S) are semisimple too. Since the algebra A has no semisimple blocks, 
the isomorphisms of functors 17""^^ S jy'^ and 51"""^ = j£ include isomorphisms 
of the right modules S ®a ^X-\A) = ly-'^iS) and S ^a ^a^'^A) = iy{S) for 
any semisimple right module S. Similarly, using the fact that the stable module 
category of left modules is a weakly n-Calabi-Yau category too, we obtain the 
isomorphisms of left modules l]^t^(A) (8)aT = iy'^{T) and n-J^',-^{A)'S)AT = v{T) 
for any semisimple left module T. 

Let us denote Mi = D{A) ®a f^lt^(A) and Ma = A" ®a njir^A). Com- 
bining the obtained isomorphisms, the proposition [L3l and its analogue for left 
modules, we get that S ®yi Mi = S for any semisimple right module S, and 
Mi ®aT = T for any semisimple left module T{i = 1, 2). Denote by J the radical 
of the algebra A. Therefore, we have A{Mi/JMi) ^ a{{A/J) 0a Mi) ^ a{AIJ), 
and {Mi/MiJ)A = {Mi 0^ (A/ J)) a = {A/ J) a- From the lemma O it follows 
that Mi = A^. for some ipi e Aut(A). It is clear that rcs,„^ = -®^^Mi = vov^"^ = Id 
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and res,„, S - ®^ M2 = z£ o jy ^ Id. Thus, we have two isomorphisms 
D{A) ®A^%^{A) ^ A^^ and A" ®^ ^^a^^H^) = A^2. where v?i,v?2 e Inn(A). 
If we apply the functor A"^ ®a - to the first isomorphism, apply the functor 
®A - to the second isomorphism, and use the corollary 11.41 we obtain 
^%^{A) ^ {A")^, and n-/,-\A) ^ D{A)^,, where v?2 e Inn(A). □ 

Corollary 1.9. Let A be a Frobenius algebra without semisimple blocks with a 
Nakayama automorphism v. Then the following conditions are equivalent. 

1. mod-^ is a weakly n-Calabi-Yau category. 

2. VL'^}{A) ^ Ay-i^p for some ip e Inn(A). 

Proof. It follows from the previous theorem and the corollary 1 1.5 1 □ 



2 Stably inner automorphisms. 

2.1 Inner modulo socle automorphisms. 

In this subsection we introduce a notion of an inner modulo socle automorphism 
and prove that any inner modulo socle automorphism is a stably inner auto- 
morphism. It gives a lot of examples of stably inner automorphisms which are 
not inner. 

It is well-known that soc{Aa) = soc{aA) if A is a self-injective algebra. We 
denote briefly soc(A) := soc{aA) and A/soc ■■= A/soc{A). Any automorphism ip 
of an algebra sends soc(^) to itself. Thus, ip induces an automorphism ipjsoc ■ 
A/soc -s- A/soc. 

Definition 2.1. An automorphism ip of an algebra A is called inner modulo 
socle if the induced automorphism </?/soc : A/soc A/soc is inner. 

Proposition 2.2. Let A be a self-injective algebra and ip e Aut(A). If ip is 

inner modulo socle, then it is stably inner. 

Proof. Let us consider a functor mod-(A/soc) mod - A obtained by composi- 
tion of the restriction functor mod-(A/soc) ->■ mod-A and the canonical projec- 
tion mod-A mod- A. Denote the image of this functor by A4. It is well-known 
that a module over a self-injective algebra has no projective summands if and 
only if its annihilator includes soc(A). Thus, Ai is a full subcategory consist- 
ing of modules without projective summands, and it is equivalent to the whole 
category mod-A. Further, the following diagram is commutative. 



mod-(A/soc) 



■M(- 



mod-A 



mod-(A/soc) 



mod-A 
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If is inner modulo socle, then res^/soc = W. It follows that the functor res^ 
restricted on M_ is isomorphic to the identity functor too. From the commuta- 
tivity of the right square we get that res^ is isomorphic to the identity functor 
on the whole category mod- A. □ 

2.2 Action of a stably inner automorphism on modules. 

It is well-known that two modules without projective summands are isomorphic 
in the stable module category if and only if they are isomorphic as modules. 
It follows that for a stably inner automorphism (p and a module M without 
projective summands there is an isomorphism M = M^. In this subsection we 
prove that this isomorphism holds for any module. At first, we prove a technical 
lemma which we need further. 

For any ^-module M we choose submodules M-p and Pm such that M = 
M-p ffi Pm, the module M-p has no projective summands, and the module Pm is 
projective. For a homomorphism f : M ^ N we denote by fp : Mp Np the 
composition of / with the inclusion Af-p M and the projection N Np. For 
homomorphisms f,g ■ M ^ N the equality fp = g-p includes / = g. It is well- 
known that for a homomorphism f : M ^ N the morphism / is an isomorphism 
if and only if fp is an isomorphism (for example, see the proof of the lemma 8.1 
in [2]). 

Lemma 2.3. Let ip be an automorphism of an algebra A such that for any 
simple module S there is an isomorphism S = S^. Moreover, let M be a module 
and $ : A/ ^ be an isomorphism in the stable module category vaod -A. Then 
there is an isomorphism f : M ^ M^ in the category mod- A such that / = 

Proof. Since S = S^p for any simple module S, we get top(Pi^) = top(P)i^ = 
top(P) for any projective module P. Using that P^ is a projective module, we 
obtain P = P^ for any projective module P. 

Let us choose a homomorphism f : M ^ M^ such that / = $. It is clear that 
{f)p is an isomorphism. Since res^ is an additive functor, we get M^ = (Mp)^® 
{Pm)lp = {Mp)^®Pm- Using the Krull-Schmidt theorem, we obtain Pm = Pm^- 
Denote this isomorphism by 9 •■ Pm Pm ■ Then we present modules as a 
direct sum Af = Mp ® Pm, M^p = {M^)p ® Pm^ and define an isomorphism 
f ■■ M ^ M^ by the formula / = {f)v ffi 9m- Finally, since {f)v = {f)v, we 
obtain f = f = ^. □ 

Proposition 2.4. Let A be a self-injective algebra without semisimple blocks, 
and If is a stably inner automorphism of A. Then for any A-module M there is 
an (not necessarily natural) isomorphism M = M^. 

Proof. Since the algebra A has no semisimple blocks, any simple A-module is 
non-projective. Thus, the isomorphism S = in the category mod - A includes 
the isomorphism S = for any simple module S. Hence, we can use the previous 
lemma and lift the isomorphisms $ m '■ M M^ from the stable module category 
to the category of modules. □ 
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2.3 Stable cyclic module category. 

Let A be a finite dimensional algebra. Denote by cycl-A the full subcategory 
of mod- A consisting of cyclic modules. Any cyclic module is isomorphic to a 
module of the form Ajl, where 7 is a right ideal. Denote by cyclg-A the full 
subcategory of cycl-A consisting of modules of the form Af I. Then the inclusion 
b : cyclQ-A cycl-A is an equivalence. We denote by cyc\ -A and cvcl n-A the 
associated subcategories in the category mod-A. The functor res,^ maps cyclic 
modules to cyclic modules. Denote by res^^'^^ : cyc\-A cycl-A its restriction. 
In this subsection we investigate these categories and the action of res^^^^' on 
them. 

For right ideals /, J of A we put ( J : /) := {a e A | a/ E J}. Let us notice 
that { J : I) is a vector subspace and J c ( J : /). 

Lemma 2.5. The map f >->■ /(I + /) gives the isomorphism: 

RomAiA/I,A/J)^^^. 

Proof. The proof is obvious. □ 

For c e ( J : 7), we denote by (c-) the unique homomorphism (c-) = f : A/ 1 ->■ 
A/ J such that /(! + /) = c + J. Using this notation, the composition is expressed 
in the following way (ci-) o (c2-) = (ciC2-). 

Proposition 2.6. The map f >->■ f (1 + I) induces an isomorphism: 

Proof. It is sufficient to prove that the image of 7^(^/7,^/ J) under the isomor- 
phism }lomA{A/ 1 , A/ J) = -^^^ is equal to IMiii^ jjj other words, it is sufficient 
to prove that / € ViA/L A/ J) if and only if / = (c •) where c € (0 : 7). 

We know that f eViA/I.A/.J) if and only if / is presented as a composition 
/ = erg, where g : A/ 1 A is a homomorphism and a : A ^ A/ .J is the canonical 
projection. The canonical projection a can be written as a = (!•). Using the 
last lemma we obtain that any homomorphism g : A/ 1 ^ A can be presented in 
the form g = (c •), where c € (0 : 7). Thus, / € V{A/I, A/J) if and only if / can 
be presented in the form / = {l-){c ■) = (c •), where c e (0 : 7). □ 

Let (fi be an automorphism of an algebra A. We define the endofunctor Xip 
on the category cyclg-^ as follows: r^(A/7) = A/lp^^{I); t(^((c-)) = {(p^^{c)-). 

Lemma 2.7. Let be an automorphism of an algebra A. Then there is an 
isomorphism res^^'^' o i = i o t,^. 

cyclo-j4 ^ 9- cycl-A 

cyclp-A ^ ^ cycl-A 
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Proof. Let / be a right ideal of the algebra A. Then the map a+(p"^(/) i-*- (p{a)+I 
is an isomorphism of the modules A/(p~^{I) = {Ajl)^. It is sufficient to verify 
that for any right ideals /, J and for any c e {J : I) the following diagram is 
commutative. 



(A/I)^ ^{A/J)^ 

We leave this verification to the reader. □ 



2.4 Automorphisms acting trivially on the stable cyclic 
module category. 

If is a stably inner automorphism, the restricted functor res^'"^' is isomorphic 
to the identity functor. Thus, we have the following inclusions of groups. 

inner modulo soclel ^ , ^ Jautomorphismsl 

automorphisms j ~ ^ ^ ~ \ f '■ res^J^' s Id j 

We are interested in the middle group, but it is difficult to describe this 
group explicitly. The left group is clear. In the following theorem we describe 
the right group. It will give us some properties of stably inner automorphisms. 

Theorem 2.8. Let A be a self-injective algebra without semisimple blocks and 
(fi 6 Aut{A). Then res^J'^' = Id if and only if there exists a family of invertable 
elements {£,1} of the algebra A, where I runs over the the set of all proper 
non-zero right ideals, such that the following properties hold. 

1. ip{l)=£il. 

2. ae(J:I) =^ ip(a)(i - £ja e (0 : 1) + ip(J), for all possible I,J . 

Moreover, if we replace the family {^/} by a family of invertible elements {^j} 
such that £1 -£,'1 e (0 : /) +ip{I), then the properties 1 and 2 hold for this family. 

Remark 2.9. For any inner automorphism (^(a) = ^a^"^, we may take ^/ := ^. 

Proof of theorem \2.^ The functor res^J*^^ is isomorphic to the identity functor if 
and only if the functor r^^-i = = res^^'i'° is isomorphic to the identity functor. 
Let / : Id ^ r^^-i be a morphism of functors. Then its components f^/i ■ A/I 
A/ip{I) can be written in the form /^// = (^j-), where ^/ € ((/?(/) : /). From the 
commutativity of the diagram 

A/I ^-^ ^A/J 

(?/■) {«./■) 
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for any 7, J, a e {J : I) and the proposition 12.61 it follows that ip{a)^i - £_ja e 
(0 : /) + (p{J)- Conversely, if conditions ^/ 6 (</j(/) : /) and <f{a)^i - £^ja e (0 : 
/) + f{J) for any a e (J : I) hold, the family {^j} defines the morphism of 
functors / : Id ^ ^p-'^- Moreover, if we replace the family {^/} with a family 
{Ci} such that 6 - e (0 : /) + (p(I), then f^/i = (^O = Wr) and the family 
{^j} defines the same morphism of functors. 

If the element ^/ is invertible, the condition e (</?(/) : /) is equivalent 
to ip{I) = It is sufficient to prove that a morphism of functors / is an 
isomorphism if and only if we can choose invertible elements ^/ such that /a/i = 

M- 

If elements e {(p{I) I) are invertible, then ^// = (/?(/), hence, / = S,]^(p{I), 
and e (I : (p{I)). Thus, we get morphisms (C/^O • ~* ^/-^i which are 

inverse to morphisms /a/i- Hence, / is an isomorphism. 

Let now / be an isomorphism. From the lemma 12.31 it follows that we 
can choose {^/} such that /a/i = {^r) and that (^j-) : A/I A/(p{I) is an 
isomorphism in the category mod- A. Using the lemma 1^751 we obtain that there 
exist A/ € (/ : (p{I)) such that ^/A/ - 1 e f{I). Hence, we get an equality 
(p{I)+^jA = A. From [Sj Ch HI, 2.8] it follows that there exist invertible elements 
^/ 6 ip{I) +^1- Thus, we have found invertible elements ^/ such that fA/i = 

M- ° 

Corollary 2.10. Let A be a self-injective algebra without semisimple blocks, 
and let I be a two-sided ideal of A and (p e Imi (A). Then ip{I) = I, and if 
induces an inner automorphism on the quotient algebra A/{{0 : /) + /). 

Proof. Since iy9 is a stably inner automorphism, there is a family {^7} satisfying 
conditions of the previous theorem. For a two-sided ideal /, we have (p{I) = ^7/ = 
/. Hence, from the condition 1^9(0)^7 - ^70 € (0 : /) + / for any a €(/:/)= A, it 
follows that if induces an inner automorphism on A/((0 : /) + /). □ 

We denote by soc*(a^) the i-th term of the socle series of the left regular 
module a A. 

Corollary 2.11. Let Q = {Qq, Qi, s,t) be a quiver, A = kQ/ 1 be a self-injective 
bound quiver algebra such that soc^{aA) £ rad^(v4), and ip e Irm (A). Then there 
exists a family {dijiego '^f non-zero elements in the ground field k such that 

dt(ct) 2 

(p{ei) - Ci e rad(A) and fia) a e rad (A) 

ds(a) 

for all i 6 Qo,a e Qi. In particular, if a is a loop, then (p{a) - a € rad^(yl). 

Proof The property soc^(^yl) c rad^(A) implies that the algebra A has 
no semisimple blocks. Notice that (0 : rad^(A)) = soc^{aA), and hence, 
(0 : rad^(A)) +rad^(A) = rad^(A). Using the previous corollary, we obtain that 
the automorphism ip induces the inner automorphism a >-> ^aC"^ on the quo- 
tient algebra A/rad^(yl). The invertible element ^ has the form ^ = ^0+1^, where 
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^0 = EieQo diCi, di e k\{0} and r e rad(A). Then we get ip{a) -^oa^o^ e rad^(A) 
for any arrow a. And since Ci^o = Coei, we obtain f{ei) -ej e rad(A). This com- 
pletes the proof. □ 



2.5 Spectroid point of view. 

Recall that spectroid is a (small) fc-linear hom-finite category <S such that its 
different objects are not isomorphic and the algebra of endomorphisms S{s, s) 
is local for any s e S. For any spectroid S we consider the algebra A{S) = 
®s.tes ^{s,t)- If S has finitely many objects, A{S) is a unital algebra and 1 = 
Es€5 ids- 

Let T be a full subspectroid of S. For any two objects s, s' e Ob(<S) we 
denote by Ir{s, s') the subset S{s, s') consisting of morphisms of the form Y, fi, 
where fi can be presented as a composition s -> <i s', for some ti e T. 
Then denote by S/T the category such that Oh{S/T) = Oh{S) \ Ob(T), and 
{S/T){s,s') = S{s,s')/If{s,s'). It is easy to verify that the composition is 
well-defined and S/T is a spectroid. 

For a translation quiver T = (Q,t, cr) we denote by k{T) the mesh-spectroid 
(mesh-category) of F (see [B]). 

Let Abe a finite dimensional algebra. Denote by G{A) the full subcategory 
of mod-yl, whose objects form a complete set of nonisomorphic projective inde- 
composable modules. It is clear that G{A) is a spectroid. If A is a basic algebra, 
than A{G{A)) = A. We denote by ind(A) the fuU subcategory of mod-^, whose 
objects form a complete set of nonisomorphic indecomposable modules. We will 
always assume that G(^) c ind(A). We denote by ind(A) the full subcategory 
of mod-A, whose objects form a complete set of nonisomorphic nonprojective 
indecomposable modules. In other words, ind (^) = md{A) / G{A) . 

Let A be a basic algebra and ei, . . . , en be a complete set of primitive or- 
thogonal idempotents. Then {Pi = aA | 1 < i < n} is a complete set of 
nonisomorphic projective indecomposable modules, and we will assume that 
Ob(G(A)) = {Fj I 1 < i < n}. It is clear that G{A){P,,Pj) = ejAe^. Let ip 
be an automorphism such that (/?({ei, . . . , e„}) = {ei,...,e„}. For the sake 
of simplicity, the corresponding permutation on the set we denote 

by the same symbol (p. Then 1^9(6^) = e^(^iy For a such ip we define the 
autofunctor G{p) : G{A) ->■ G{A) by the formulas G{p){Pi) = Pi^-i(j) and 
G{p){a-) = ip-\a) ■ . 

An autofunctor $ : ind(A) -> ind(A) is called an extension of G{ip) if 
4>(G(A)) = G{A) and $|g(A) = G{ip). Such a functor induces an autofunctor on 
ind(A) = md{A)/G{A) which we denote by $. 

Lemma 2.12. Let A be a basic algebra, ei, . . . , e„ be a complete set of primitive 
orthogonal idempotents, p be an automorphism of A such that p{{ei, . . . , e„}) = 
{ei, . . . , e„}. Then the following conditions hold. 

1. There exists an extension $ : ind(A) ind(A) ofG{ip). 



14 



2. If $ is an extension of the functor G(<^) on ind(A), then t o $ ^ res,^ o i. 

ind(^) ^ mod-A 



md{A) 



mod-A 



3. If^ and^' are two extensions ofG{(fi) onmd(A), there is an isomorphism 
of functors 77 : $ ^ such that r}p^ = idp^. 

Proof. (1) The autofunctor res^p maps indecomposable modules to indecompos- 
able modules. Thus, for any indecomposable module M there exists a module in 
ind(A) isomorphic to M^. Denote it by $(M). The equality = (^(6(^-1(2)) in- 
cludes = Pi. The restriction of (/? on P;^-i(j) is a module isomorphism, 
we denote it by i^p. : P,p-^{i) {Pi)ip- Thus, ^{Pi) = P^-i(j). Let us choose iso- 
morphisms 6m '• $(M) such that 6p^ = (pp.. Then we can define the auto- 
functor $ on a morphism f : M ^ N hy the formula 3>(/) = Oj^ o ies^p{f) o 6m- 
It is a well-defined functor. Moreover, ^{Pi) = -Pi^-i(i) = G(</j)(Pj), and for 
a- : Pi^ Pj we have 

$(a-)(6) = {Op. ores<^(a-) o6'pJ(6) = {(pp. ores<^(a-) ov'pJC^) = 

= (p-\a^{b)) = ^-\a)b=G{ip){a-)ib), 

and, consequently, $(a-) = G{ip){a-). Therefore, $ is an extension of G{ip) on 
ind(A). 

(2) Let ^> be an extension of G{(p) on ind(A). Consider an indecomposable 
module M and an element m e M. Then me;- : ^ M is a module homomor- 
phism. Then the homomorphism $(mei-) : -> $(M) is a multiplication 

homomorphism by an clement which we denote by TMifnei) e $(M)ey-i(j'). We 
define the map tm '■ $(M) by the formula TMim) = Y.iTM{m^i)- The 

linear map tm is a composition of the following isomorphisms 

M RomAiA,M) ^ 0HomA(Pi,M) 

i 

^ 0HomA(P^-i(,),$(M)) ^ HomA(A,$(M)) ^ $(M). 

Let us check that tm '• My, ->■ $(M) is a module homomorphism. We have: 

TM(m * aei)- = rM(m<^(a)e<^(j))- = $(mv?(a)e^(j)-) = ^ $(mefcefciy?(a)e^(j)-) = 

fe 

= ^$(mefe-)*(efc¥'(a)e^(i)-) = Y,'^M{mek)e^-i(k)aei- = TM{m)aei ■ . 
fe fe 

Summing over i, we obtain Tuim * a) = TM{rn)a. Thus, tm ^ Af^' ^(-^) is 
a module isomorphism. Now we will check that r = {tm} m is a morphism of 
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functors reSu- 



i o $. Let f : M ^ N he a homomorphism of indecomposable 



modules in ind(A). Let us verify that the following diagram is commutative. 



*(/) 



$(iV) 



We have: 



$(M) 



Tjv(/(m)e,)- = $(/(m)er) = ^{f{me,)) 
= $(/)$(mer)=$(/)(TM(mei)-). 



Applying the last equality to e 



we obtain 



TN{f{m)ei) = $(/)(TM(mei))- 

Summing over i, we get Tjv(/(rn)) = $(/)(rM(TO)). 

(3) Consider isomorphisms tm '■ $(M) and t'j^ ■ -* $'(M) con- 

structed in the previous part of the proof. It is easy to check that isomorphisms 
flM = t'j^tI^ '■ $(M) <1>'(M) form a natural isomorphism 77 = {??m} : $ ^ 
satisfying the required property. □ 



Proposition 2.13. Let A he a basic self-injective algebra, ei,...,e„ be a com- 
plete set of primitive orthogonal idempotents, (p be an automorphism of A such 
that (p{ei) = Ci for all i, and $ be an extension of G{(p) on ind(A). Then 
if 6 Inn(j4) if and only if ^ = Idi„(j(^). 

Proof. From the last lemma it follows that the following diagram of functors is 
(weak) commutative. 



id(A) 



ind(A) 



■ mod- A 



■ mod-j4 



The functor t is an inclusion. Hence, if <^ is a stably inner automorphism, then 
$ = Id. 

On the other hand, if $ = Id, then res^ o l = t. Hence, using the KruU-Schmidt 



theorem, we obtain res,„ = Id. 



□ 



2.6 Example: the algebra k[t]/t''. 

In this subsection we compute the group of stably inner automorphisms of the 
algebra k[t]/f\ For a real number r we denote by \r] the least integer greater 
than or equal to r. 
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Proposition 2.14. Let Lp be an automorphism of the algebra A = k[t]/t". Then 
tp is stably inner if and only if it induces the identity automorphism on the 
quotient algebra k[t]/t^, where s = [^]. In particular, ifn>3 ip(t) = Y,7=i 
then if e Inn (A) if and only if ai = 1 and = for 2 <i <\^] - 1. 

Proof. If n = 2, any automorphism is inner modulo socle, hence, it is stably 
inner. Therefore, the statement is obvious. From now on we will assume that 
n>3. 

The algebra A = k[t]/t"' is a Nakayama algebra, and hence, any indecom- 
posable module has the form k[t]/f, where 1 < i < n. It is well-known that A 
is a standard algebra. Thus, ind(A) is isomorphic to the mesh-spectroid A;(r), 
where F is the following translation quiver 

F: Ot; — ^ 1^=± ... ^^n-2^^n-l 

and the translation r : Fq v {0} Fq \ {0} acts trivially. A vertex i of the quiver 

corresponds to the module Hence, G{A) is a full subspcctroid in fc(F) 

with the single object 0. Moreover, G(A)(0,0) = k[t]/t'^, and this isomorphism 
maps t to Poao- We will identify G(^)(0,0) with k[t]/t"', and t with Po(xo- Fur- 
ther, the spectroid ind (A) = md{A)/G{A) is isomorphic to the mesh-spectroid 
A:(F*), where F"* is the following translation quiver 

Oil CX2 Otn-I 

F* : 1 ^ — ^ 2 ^ — ^ . . . ^ n - 2 ^ — ^ n - 1 

Pi /32 /3„-3 /9„-2 

and the translation r = idrg acts trivially on all vertices. The syzygy functor 
n induces an autofunctor oj on the spectroid kiV"^), which acts by the formula 
w(i) = n-i, uj{ai) = (-1)""*" V„_i_i and a;(/3i) = (-l)*a„_i_i. 

Let (f be an automorphism of the algebra A. It is completely defined by the 
element (p{t). Let ip{t) = Y,k=i o^kt^ and ai + 0. We set ti = {-lyPiUi e k{r){i,i) 
for < i < n-2 and = e k{T)(n - 1, n - 1). It is clear that aiti = ti+iai and 
A^i+i = kPi. By definition, we put Ti = YJlZl aut^'^ e A:(F)(i, i). Then tTo = ip{t). 
Since ai t 0, the elements Tj are invertible. Then we define an autofunctor $ 
of the category fc(F) as identical on objects, and on arrows by the formulas 
^(ai) = ajTj, = (ii. In order to prove that the definition is correct we have 

to prove that the mesh-ideal is invariant under this functor. 

<^{ocij3i + Pi+iai+i) = UiTiPi + /Jj+iaj+iTj+i = (a,/3j + /3j+iai+i)Tj+i 

The endofunctor $ is an autofunctor because Ti is invertible for any i. Since 
= $(/3oQ;o) = tTf) = (p{t), the autofunctor is an extension of G{ip^^). The 
automorphism ip is stably inner if and only if ip^^ is stably inner. Hence, the 
automorphism ip is stably inner if and only if the induced functor $ of the 
spectroid A;(F*) is isomorphic to the identity functor. 
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We denote by and the images of ti and Ti in the spectroid k{T^). It 
is clear that uj{ti) = tn-i and oj{Tj) = T„_i- The endomorphism algebras of the 
spectroid k{T^) have the form k{T''){i,i) = Let us consider two 

cases. 

Case 1. n = 2m. Assume that (p e Inn(A). Consider the ideal (i™) < A. It is 
clear that (0 : (i™)) + (i"*) = (t™). Then the corollary [2l0l gives that ip induces 
the identity automorphism on k[t]/t"^. 

Assume that (p induces the identity automorphism on k[t\/t"^. In other 
words, (p{t) - t e (t™). It follows that Ti - ei € {t^~^). For i t m we have 
min(i,ri - i) < m - I, this implies = for i + m. Hence, ^(ai) = ai for i + m 
and $(a,„) = a^T^ = T^+ia™ = a„i. Therefore, $ = Id. 

Case 2. n = 2m + 1. Since A is a symmetric algebra, is a Serre func- 
tor. Thus, k{r^){i,j) = Dk{T'^){j,uj{i)), and, consequently, dimensions of four 
vector spaces k{T'^){i,j), for i,j e {m,m+ 1} are equal. It follows from the 
mesh-relations that composition maps 

(Pm)* ■■ /fc(r'')(TO+l,TO+l) ^ fc(r'')(771+l,m), 

:fc(r)(m,m) ^fc(r)(m + l,m) 

are surjective, and hence they are isomorphisms. It follows that for any y e 
k{T^){m,m) there exists a unique x e k{T^){m + l,m + l) such that P^x = y(3rm 
and, moreover, x = uj{y). Similarly, we have that for any x e k{T'^){m + 1, m + 1) 
there exists unique y e fc(r'')(m,m) such that xam = amy, and, moreover, 
y = ^{x). 

Let if he a, stably inner automorphism. Then there is a functor isomorphism 
^ : Id — + Since = /3m, we obtain PmS.m+i = imPm- Thus we have 

£,m+i = Using the commutativity of the algebra fc(r'')(m, m), from the 

equality S,m+iam = $(am)6n = amT^^m, we obtain im+ia-m = am^mT^ = 
uj{^m)amTm = S.m+iamT,n- Multiplying by Cm+ii we get am = amTm- It follows 
that T„j = u!{em+i) = e™. Hence, Tm-Cm 6 (t^^). Thus, we obtain To-eo e (t""). 
Multiplying by t, we get (p{t) - t e (i™^^). It follows that (p induces the identity 
automorphism on k[t]/t™'^^. 

Let now (p induce the identity automorphism on fc[i]/f'"^^. Then from (p{t) - 
t € it follows that T, - ei e (i™). From the inequality min(i, n - i) < m, 

we obtain Tj = e^. Hence, $ = Id, and ip e Inn (A). □ 

3 Self-injective algebras of finite type. 

This section is devoted to the calculation of stable Calabi-Yau dimensions for 
the rest three cases of self-injective algebras of finite representation type over 
algebraically closed field k. Recall that m^ is equal to n, 2n - 3, 11, 17 or 29 
when A is Eq, Ej or Eg, respectively. 

Let Q = (Qo,SijS,i) be a quiver and A = kQ/I be a bound quiver al- 
gebra (where / is an admissible ideal). For u,v e Qq we denote by ■= 
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AeyiSie-uA the indecomposable projective bimodule corresponding to the idempo- 
tent <8) e„. We set Voi^'^) to be the category of finitely generated projective bi- 
modules of the form © P[„.j[„.] . Let a be an automorphism of the algebra A such 
that a{{ey | v € Qo}) = {ej | v e Qq}. We define the functor a : 'Pq{A'') ^ 'Pq{A'') 
by the following formulas: ^ (© P[„.j[„.]) = ® P[a(vi)]lui] (here a{ey) = e<^(^)), 
and if d : ©-P[i,.][„.] — > ®P[v'.][u'.] is given by d(e„, ® e„,) = Sx/j ® yij, then 

3.1 Algebras of type {A2n+i,r,2) 

Throughout this subsection, we assume that n is even. Any algebra of type 
{A2n+i,r,2) is derived equivalent to the algebra A = kQ/I where the bound 
quiver (Q,/) is constructed as follows. The set of vertices is Qq = (Z/2rZ x 
{1 . . . n}) u Z/rZ. For i € Z the corresponding element of Z/rZ is denoted again 
by i and the corresponding element of Z/2rZ is denoted by i. The set of arrows 
Qi of the quiver Q consists of the following elements: 

"T,j = ( ^'■?') ^ C^'i + 1) (1 < i < 2r, 1 < i < n - 1), 
"T,o = i ^ C^'l)'"?,™ : (T,n) ^ i + 1 (1 < i < 2r). 
The ideal I is generated by the elements 

"S7?i,o"In' (1^^^2r),a-„...a-o + a--^„...a--^o (l<i<2r), 
a i^^j ... a ,-i,oaT,„ ■ • ■ "Tj (1 < i < 2r, 1 < j < n - 1). 




2r, 1 ■■■ 2r,n r + 1,1 *" ■" T, n - 1 



For the sake of simplicity, we omit brackets in the notation of vertices. Let 
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us define an automorphism a of the algebra A on generators: 

cr(e,) = e,+„+i (l<i<r), a{e~^^) = e^^:f^^^^{\<i<2r,\<j<n), 
^("Tj) = a < I < 2r, 1 < j < n - 1), 

^("T,o) = " ^+7T;Sl,o('^ < i < 2r - 1), CT(a Jo) = -a ,;+7:^i_o(0 < i < r - 1), 
^("Zn) = " - 1 < i < 2r - 2), 

<^("T,n) = < i < - 2). 

Recall the description of the terms Qt it > 0) of the minimal bimodule 
resolution of the algebra A given in [Tl] . The terms Qt {0 <t < 2n) are described 
by the following formulas: 

r 2r I n-m \ / ^ \ \ 

'92m = P[i+m][i] ® H P[ i>;ri,i+m][Tj] j ® ( P[ i+M^i j+m-ri][Tj] j I 
1=1 i=l \ j=l j=n-ni+l J 

(m = 0,...,n), 

Q2m+1 = I ^[ i^,m+l][i'] ® ( ^[ i+^,j+m+l\[l.]} ) ® P[i+m+l][l,n-m'\ 
1=1 \ j=l 

®( P[i+^^F+^+l,j+m-n][l,]])] (m = 0, . . . ,n - 1). 

j=n-m+l / 

Moreover, the terms with numbers exceeding 2?! are obtained by the formula 
Qi(2n+i)+t = '^^{Qt) (0 < i < 2n, I > 1). Moreover, the fact that (2n+l)-th syzygy 
of the bimodule A is isomorphic to the twisted module cr-'^A = Aa is 
noted in the same paper (see also [5]). 

It follows from the corollary 1 1 . 91 that in order to compute the stable Calabi- 
Yau dimension we have to find the least t > such that il^e^(A) = A^-i^ where 
V is Nakayama automorphism of the algebra A and ip is a stably inner automor- 
phism. In this case, we have 

r 2r n 

Qm = (Qo).-v = 0^[.+i]w ® 00^[ffi,j][?,,] 

i=l i=l j=l 

and 

2r I n-l \ 

i=l \ j=l I 

Then, using the description of Qt it > 0), it is easy to verify that t + 1 = l{2n + l) 
for some I > 0, i.e. il*2}{A) = A^i. It remains to find such numbers I that 
the automorphism va^ is stably inner. The equality i'a''{ejj^) = e j^;(^;r;~^^_j^ ^ 

can be easily verified. Consequently, if the automorphism i/cr' is stably inner 
then 2r | l{r + n + 1) - 1. Existence of such / is equivalent to the fact that 
GCD(r + n + l,2r) = 1. 

Suppose that GCD(r + ti + 1, 2r) = 1. Let 2r \ l{r + n + 1) - 1 (in particular 
I is odd). Let us prove that the automorphism ua^ is stably inner. We assume 
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that Nakayama automorphism v is constructed using Frobcnius form e : A ^ k 
which is equal to -1 on paths oli^ . . . a (-1 < z < r - 2), 1 on all other paths 
of length n + 1 and on all remaining paths. In this case v satisfies the following 
equalities: 

v{ei) = ei_i (1 < i < r), v{ei>) = e — ij(l <i <2r,l < j < n), 
^("Tj) = a < « < 2r, 1 < j < n - 1), 

K^to) = " z~ifl(r <i<2r-l), Ka?,o) = i,o(0 < « < - 1), 
KaT,„) = a iri,„(r - 1 < i < 2r - 2), iv(a-„) = -a < i < r - 2). 

It is easy to verify the following equalities 

ua\ei) = ei (l<i<r), lya^iej.^) = ej,j{l < i <2r,l < j <n), 
u(j\aj^) = a-^jil <i<2r,l<j <n - 1), 

^^^'("1,0) = (-1)—^ aT,o(l ^ * ^ 2r), i^a'iaj^J = (-1)™^ a^,^(l < i < 2r), 
where p; : Z/2rZ ->■ Z is defined by the formula 

pi(q) = card({s : < s < l,2r \ q + s{r + n + 1)}). 
Since Z is odd, it is easy to verify that va''{x) = a'^xa for all a; e A where 

a=2(-l)--'- ei + EEeTj. 

i=l i=l j=l 

Hence, the automorphism v(j^{x) is inner, and hence, it is stably inner. The 
following proposition follows from the above argument. 

Proposition 3.1. Let A be a self-injective algebra of finite representation type 
of type {A2n+i,r,2) where n is even, n > 0. Then the stable Calabi-Yau dimen- 
sion of the algebra A is finite if and only if GCD(r + n + l,2r) = 1. If the last 
mentioned condition is satisfied then the stable Calabi-Yau dimension is equal 
to l{2n + 1) - 1 where 2r\l{r + n + l) - I and Q<l<2r. 

3.2 Algebras of type (Z)„,r,2) 

Throughout this subsection, we assume that r is even. Any algebra of type 
(£'„,r, 2) is derived equivalent to the algebra A = kQ/I where the bound quiver 
(Q,7) is the following. The set of vertices is Qo = (Z/rZx {1 . . . n-2}) u Z/2rZ. 
We use in this subsection the following notation: for i e Z the corresponding 
element in Z/rZ (resp. in Z/2rZ) is denoted by i (resp. T). The set of arrows 
Qi of the quiver Q consists of the following elements: 

7-:(«,n-2) ^ T,/3-: T^(z + l,l) (l<z<2r), 
<^i,j ihj) ^ + 1) (1 < « < r, 1 < j < n - 3). 
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The ideal I is generated by the elements 

7 rtti.n-a ■ • ■ a»,i/3 -1 , Prfl " P ^-7 {Tr ( 1 < i < 2r) , 
Qfj+ij . . .ai+i,i/3:j7jQ;i^„_3 . . .a^j (1 < i < r, 1 < j < n-3). 



i+1,2 ^ i+1,1 



i,ii-2 i.n-3 
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2r 



Let us define an automorphism a of the algebra A on generators: 

a-(eij) = Ci+n-ij, o-{aij) = ai+„-ij {1 < i < r,l < j < n - 2), 
o'Ce?) = e ,+,-rTTVn,o-(^7) = i+srir-™ (1 < i < 2r), 
ct(7t) = -7 »+?rrrr™ (l ^ * ^ 2r,r + i),cr(7T) = 7»+srTT-r« (ie{r,2r}). 

Recall the description of the terms Qt {t > 0) of the bimodule resolution of 
the algebra A (see [T7]). The terms Qt {0 < t < 2n - A) are described by the 
following formulas: 



n-2-m 



n-2 



I g , I t' ^ I I V V / — 

Q2m - ® I ( © -f^[2+mj+m][z,j] ) ® ( © -^[z+m j+m-(n-2)][z,j] 



2r 



©©^[z+;;^i)][T] (™ = 0,...,n-2), 



r I . 

?2m+l = © I ( © P[i+m.j+m+l 
i=lV j=l 

2'- . ^ 

l-Pr~ir.„ ^]® P[i+m+l,m+l][l]) (m = 0, . . . , n - 3) . 



' © (-^[ i+m][i,n-2-m] 



Moreover, the terms with numbers exceeding 2n-4 are obtained by the formula 
Qi(2n-3)+t = <^\Qt) (0 < i < 2n - 4, / > 1). Moreover, the fact that (2n - 3)-th 
syzygy ri^"~'^(>l) of the A'^-module A is isomorphic to twisted module ^-lA = A„ 
is noted in the same paper. 
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By corollary 11.91 we have to find the least t > such that ^*^}{A) = A^-i^ 
where v is Nakayama automorphism of the algebra A and ip is a stably inner 
automorphism. In this case we have 

r n-2 2r 

Qm = (Qo)^-V = 00 P[^^l,m,n ® ^[ »—)][?] 
i=l j=l 1=1 

and 

r n—3 / 

Qt+2 = (Ql)iy-V = 00 P[i+l.,j+l][i.]] ® [P[ iTl][j,n-2] ® ^[i+2,1] [ T ] j • 
i=l j=l i=l 

Then, using the description of Qt {t > 0), it is easy to prove that t+1 = l{2n-3) 
for some / > 0, i.e. il*2}{A) = A^i. It remains to find such numbers I that 
the automorphism ua^ is stably inner. The equality va^^ej) = e 

can be easily verified. Consequently, if the automorphism va^ is stably inner 
then 2r | l{n - 1 + rn) - 1. Existence of such I is equivalent to the fact that 
GCD(n- l,r) = 1. 

Suppose that GCD(n - 1, r) = 1 (in particular n is even). Let 2r \ l{n - 1 + 
rn) - 1. Then / is odd. In this case the following equalities hold (we assume that 
Nakayama automorphism v is constructed using Frobenius form which equals 1 
on paths of length n - 1 and on all remaining paths of the quiver Q) 

vcr^{ex) = ex (x e Qq), i^cr'Cai.j) = "i.j (1 < i < r, 1 < j < n - 2), 
i/a'(/3-) = (3^ {l<i< 2r), i^a'{j~) = (-1)'^^'^'^- {l<i< 2r), 

where : Z/rZ ^ Z is defined by the formula: 

pi{i) ■■= card({s |0<s</-l,r|j + s{n - 1)}). 

If char(fc) = 2 then va^ is identity automorphism. Suppose that char(fc) i= 2. 
It follows from the corollarv l2 . 1 1 I that if i/cr' is stably inner then there are dij e k* 
(1 < i < r, 1 < j < n - 2) and d^e k* (1 < i < 2r) such that 

di,j = dij+i (1 < i < r, 1 < j < n - 3), 
= dj, d,,„_2 = i-iy^P'^'^dj (1 < z < 2r). 

(m-l);+'E'j9,(g) 

By induction, it can be easily proved that d^.i = c^i,!- In 

particular, we have di,i = = (-1) '"^ di^i = (-1) di.i = i.e. 

di^i = ^ k* . The contradiction proves that va^ is not stably inner in the case 
of char(fc) + 2. Thus, we have 

Proposition 3.2. Let A he a self-injective algebra of finite representation type 
of type (I?„,r, 2) where r is even. Then stable Calabi-Yau dimension of the 
algebra A is finite if and only if GCD(r, n - 1) = 1 and char(fc) = 2. // this 
conditions are satisfied then the stable Calabi-Yau dimension is equal to l{2n- 
3) - 1 where 2r\l{n-l) - I and < I < 2r. 
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3.3 Nonstandard algebras 

It follows from [I] that all nonstandard algebras are of type (-Dsn, |, 1) and this 
type determines them up to the derived equivalence. Moreover, nonstandard 
algebras exist only over fields of characteristic 2. 

Any nonstandard algebra of type (i?3„,^,l) is derived equivalent to the 
algebra A = kQ/I where the bound quiver {Q,I) is constructed as follows. The 
set of vertices is Qo = {0,...,n-l}. The set of arrows Si of the quiver Q 
consists of the following elements: 

13 ■■ ^ 0, ai ■■ i ^ i + 1(0 < i < n - 2), a„_i : n - 1 ^ 0. 

Also we introduce the auxiliary notation: i>i = a„_i . . . a^, /ii = a^-i . . . ao for 
< « < n - 1. 

The ideal / is generated by the elements aoa„-i +ao(3an-i, -i^o and fiii^i, 
where i = 1, . . . , max(n -2,1). 

3 




n-2 2 



Let us define automorphism cr of the algebra A on generators: 

cr(e,) = e„ a{a^) = a^ {0<i<n-l), a{P) = (3 + + . 
By definition, we put: 

n-l— m . n-1 . 

T2ni = P[0][0] ® [ P[i+m][2])®[ P[i+,n-{n-l)][z]) (m = 0, . . . , n - 1) , 

i=l i=n—in 

. n— 2-771 . , n-l , 

^2m+l = ( -P[-i+m+l][i]) ® ( P[i+m-{n-l)][%\), T2m+l=T!^rn+l® Pm[0} 
2=0 2=n-l— m 

(to = 0, ...,n-2). 

The following description of the terms Qt [t > 0) of the bimodule resolution 
of the algebra A is represented in jTSj. 

1. If n is even then Q2m = ?2m for < m < n - 1, Q/^m+i = Tkm+i for 
G<m<^ and Qim+3 = Ti,,^^^ for < m < Moreover, Q;(2„-i)+t = Qt for 
0<t<2n-2. 

2. If n is odd then (32m = T'2m for < m < n - 1, Q4m+i = T^m+i, Qim+a = 

^4m+3 for < m < Q2n-l+2rn = T2m for < TO < 71 - 1, Q2n-l+4m+l = '74„j+i, 
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<92n-i+4m+3 = Tkm+s for < m < ^ . Morcover, Q/(4„-2)+t = Qt for < i < 
An -3, UN. 

Moreover, the fact that n'^^-'^{A) = A for all n and nf-^{A) = „A = A„ for 
even n as ^'^-modules is noted in the same paper. 

It follows from the coroUarv II .91 that in order to compute the stable Calabi- 
Yau dimension we have to find the least i > such that ^^}(^A) = A^ where (p is 
a stably inner automorphism (the Nakayama automorphism is equal to identity 
here). It is clear that Qt+i = (Qq)^ = Tq and Qt+2 = (Qi)i^ = Ti in this case. It 
follows that that the Calabi-Yau dimension of the algebra A is equal to 4n - 3 
if n is odd and equal to either 2n - 2 or 4?! - 3 if n is even. The following lemma 
allows to find exact answer for even n. 

Lemma 3.3. The automorphism a is not stably inner. 

Proof. For elements mi , . . . , m* of A-module M, we denote by {mi, ... , mt ) the 
submodule of AI generated by them. Let us consider the following modules: 
Ml = Pi/{iyi), Ah = Po/{l3^), Ah = Po/(/3',Mn-i/5), = (Pq e P„_i)/(/3 + 
a„_i,/32), M5 = Po/(/3) and Mg = Po/iP^)- We define homomorphisms ft ■■ Ah 
Mi+i (1 < i < 4) and /s : M4 -* Ah by the following formulas: /i(ei) = ao, 
/2(eo) = eo, /3(eo) = cq, /4(eo) = cq, /4(e„-i) = 0, /sCeo) = /3, /5(e„-i) = Mn-i- 
Let us assume that ct is a stably inner automorphism. Then there is a collection 
of isomorphisms of A-modules r]i : Ali (Mi)o- such that equalities res^f /i)??! = 
rji+ifi for 1 < i < 4 and the equality ves^i f<^]rn = ijef^ hold in the category 
mod-v4. It is clear that {Ah)a = Mi for 1 < i < 5 and res^ ( fj ) = for 1 < i < 4. 
Moreover, it can be shown that 

EndA(Mi) = fe(IdMi),EndA(Af2) = fc(IdM.,?72,i):EndA(Af3) = fc(IdM3 , 773,1), 
EndAiAh) = fc(IdM4,»74,i>'74,2),EndA(A^5) = ki^^Ah), 

where r/2,i(eo) = /3, ViA'^o) = »74,i(eo) = ?744(e"-i) = 0, 774,2(60) = 0, 

774,2(e„-l) = fin-l- 

Then we can assume that t^i = Wmi- Suppose that r]2 = ciMms + C2?72,i, 
where ci,C2 e k. Then the map /i + 772/1 which maps ei to (ci + l)ao + C2ao/? 
must go through the canonical projection Pq Ah- But it is easy to show that 
Hom^(Mi,Po) = 0, i.e. a = 1, C2 = 0. 

Let 7/3 = ciIdj\/3 + C27y3,i for some ci,C2 e k. Then the map /2 + 773/2 which 
maps eo to (ci+l)eo+C2/3 must go through the canonical projection p3 : Po ^ M3. 
It is easy to verify that IIomA(M2, Po) = k{02,i,02,2) where 62,1 and 62,2 are the 
maps which map eo to and (3^ respectively, i.e. every map from Ah to M3 
which goes through p3 equals 0. Consequently, 773 = Ums- 

Let r?4 = ciIdM4 +62774,1 +£3774,2, 775 = cMmj where ci,C2,C3,c6 k. Then the 
map /s + 774/3 which maps eo to (ci + l)eo + C2/3 must go through the canonical 
projection p4 : Po ffi P„_i -> M4. It is easy to show that Hom^(M3, Pq ffi P„-i) = 
fc(^3,ij^'3,2,6'3,3) where ^3,1, 63^2 and 63,3 are the maps which map eo to /3^, 
and Pan-i respectively, i.e. every map from M3 to M4 which goes through p4 is 
equal to 0. Hence, 774 = IdM4 + 63774,2, i-e. the map /47;4 + 775/4 maps eo and e„_i 
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to (1 + c)eo and c^fXn-i respectively. This map must go through the eanonieal 
projection P5 : Pq M5. It is easy to verify that HomA(M4,Po) = fe(^4, 11^4,2) 
where ^4,i(eo) = 6*4,1(671-1) = Mn-i/3, ^4,2(60) = P^, ^4,2(e„-i) = 0, i.e. every 
map from M4 to M5 which can go through is equal to 0. It follows that 
r?4 = IdM4- 

Hence, we have = r^fi^res^f/s). The map rjg^ maps eo to cieo + C2P + c^P^ 
for some ci, 02,03 e k. Then + r/g^reSo-(/5) maps eo and e„_i to 

/3 + ?76'(/3) = ^ + %'(<7(/3 + ^')eo) = ^ + (/? + /3')(cieo + C2p + 03/?') 

= (ci + l)/3 + (ci + C2)^2^ 

and (ci + + C2/x„_i/3 respectively. This map must be represented as pq6 

where 6 e HomA(M4,Po) and pe ■ Po ^ Mq is the canonical projection. It is 
mentioned above that Hom/i(M4,Po) = fe(^4,i, ^4,2), i-e. peO maps eo and e„_i 
to di(3^ + d2(3^ and dijin-iP respectively for some ^1,^2 e fc. Thus, ci = 1, 
ci + C2 = di, C2 = rfi. The contradiction proves the lemma. □ 

The following proposition follows from the above argument: 

Proposition 3.4. Let A he a nonstandard self-injective algebra of finite repre- 
sentation type of type {D^n, |i !)• Then the stable Calabi-Yau dimension of the 
algebra A is equal to (4n - 3). 
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